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Abstraet-A direct correspondence is shown to exist between the Westergaard stress function for crack
problems and a newly-introduced stress function for rigid line inclusion problems. A correspondence is also
shown to exist between stress intensities in the crack and the inclusion problems. as well as between the
opening displacement of the crack and the axial force in the inclusion. Ascheme is presented to modify these
rigid-inclusion solutions to account approximately (or non-zero compliance of real fibers in a composite
material.

\. INTRODUCTION

An understanding of the mechanics of force transfer between the fibers and the matrix is an
essential step toward failure prediction in fiber-reinforced composite materials. The mechanics of
force transfer between fibers of finite length and a surrounding matrix have been investigated
extensively by both experimental[I-4] and theoretical means[5-19].

One of the popular approaches to the study of this problem has been to represent the long thin
fibers by line inclusions[8-19]. With this idealization the fiber cross-sectional area vanishes so
that the mathematical fiber does not occupy space in the matrix. but simply introduces a line
discontinuity in the matrix stress field. At the same time the idealized fiber retains an axial
stiffness.

The line inclusion model has been used to study stress fields associated with cracking in the
fiber matrix interface[8-10]. interaction of two or more adjacent fibers [9-16]. and various fiber
end shapes [17]. In addition. problems involving a broken fiber [10]. a fiber parallel to a bi-material
interface[l8]. a fiber directed normal to a free surface [16]. and a crack approaching a fiber[20]
have been considered. Even without cracking the stress field exhibits a square root singularity in
the neighborhood of the tip of the line inclusion. For this reason. Erdogan [21] and others [1 O. 11]
have suggested the use of the inclusion-tip stress intensity factor as a parameter for predicting
crack initiation in composite materials.

Sih[ll] and Atkinson[16] present solutions for which the line inclusions are rigid. These
results are relevant to composites in view of the high ratio of the fiber and matrix moduli common
in real fiber reinforcements. Furthermore. the solutions presented in [11,16] are particularly
useful for studying fiber-matrix force transfer. because the stress fields have concise closed form
expressions.
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As Sih [11] indicates. geometric similarity between crack and line inclusion problems permits
similar solution methods to be employed. A useful method to obtain solutions to certain
two-dimensional crack problems involves the use of the Westergaard stress function. t Solutions
based on this stress function are available in the literature for a large number of relevant crack
geometries (see. e.g. Tada [24]).

In [161 Atkinson declares that the solution to a problem of two equal. collinear. rigid line
inclusions can be written down by observing an analogy with the known solution for the
geometrically similar crack problem. Beyond this single application however. Atkinson offers no
further explanation of this analogy.

In the following. the analogy between problems of rigid line inclusions and traction free
cracks. alluded to by both Sih and Atkinson. is clarified. A direct correspondence is shown to
exist between the Westergaard stress function for crack problems and a newly introduced stress
function for line inclusion problems. A correspondence is also demonstrated between stress
intensity factors at the crack and inclusion tips. In addition. a correspondence between the crack
opening displacement and the fiber axial force is presented.

Section 2 is devoted to certain mathematical preliminaries and a brief review of the
Westergaard stress function. In Section 3 a stress function for line inclusions is introduced and
the above mentioned relations with the Westergaard stress function are presented. Section 4 is
concerned with fibers with non-zero axial compliance and a method to approximately account for
this effect. An example is presented and compared with an earlier result obtained numerically.
Section 5 contains the concluding remarks.

2. MATHEMATIC AL PRELIMINARIES

As discussed in depth by Muskhelishvili[25], the stress and displacement fields for
two-dimensional problems in classical elastostatics may be expressed in terms of
Kolosov-Goursat functions <II and n. Let aa/J (a, f3 =1,2) be the relevant components of the
stress tensor while Ua denotes the components of the displacement vector. Suppose a linearly
elastic body with shear modulus p. and Poisson's ratio II occupies a region S. Further, let S be a
region of analyticity of <II and O. Then. when symmetry exists about the axis X2 = 0 [25],

all +an =4Re [<II(z)J

a22 - ial2 = <II(z) +O(i) + (z - i)<II'(i)

2p. (Ul + iU2).1 = K<II(Z) - Om- (z - i)<II'(i)

(I a)

(lb)

(lc)

(2)

where the comma denotes partial differentiation with respect to the following subscript, prime
represents differentiation with respect to the complex variable z = Xl + ;X2. and

{
(3 - 411) plane strain

K = (3 - v )/( I + v) generalized plane stress

In the following it is assumed that the stress and strain states are bounded as Iz I~ 00. The
limiting values of the normal components are related by Hooke's law

(3)

tThis stress function was originally introduced by MacGregor [22) while Westergaard [23) first applied it to the solution of
crack problems.
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Ua~ (00). lim Ua~'
Izl-oo
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Symmetry about the real axis X2 = 0 requires that U12, u1,2 and U2,1 vanish as Iz 1-+ 00,
Among others, Muskhelishvili[25] considers the class of problems in which n segments of

discontinuity lie along the real axis. Denote by L the set of these discontinuities and by S the
entire z plane cut along L. As shown in Fig. 1, the jth segment of L extends from XI = bj - Qj to
XI = hj +Qit j = 1, 2, ..., n, along the real axis.

t t T, t t t 1',-

--
1'~"1T, T,-- --
~..-~..-I ~... ,-L...,J-;'--- --,

•
, T, ,

•
Fig. 1. General geometry.

Now let L correspond to a set of cracks with zero tractions on the crack surfaces; i.e.

a::; 1,2 (4)

where superscripts (+) and (-) denote the limiting values as a point on L is approached from the
directions X2 > 0 and X2 < 0 respectively. From equations (120.16) and (120.18) of [25] the solution
in S is given by

ep(z) - O(z) = A

ep(z) +O(z) = Z(z) - A

where A is the real constant

The function Z(z) in (5b) is the Westergaard stress function given by

Z(z) = udoo
) (zn +±ejz j

-
I
) +A

X(z) j-l

where
n

X(z) = n(z - bl - aj)1I2(z - bj +aj)1I2
j=1

(5a)

(5b)

(6)

(7)

(8)
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and C are real-valued coefficients. From equations (1) and (5) the stresses and displacements in
terms of the Westergaard stress function are determined to be

0'11 +0'22::; 2Re [Z(z)]

0'22- iO'12::; Re[Z(z)] +(z 2 i) Z'(t)- A

2f.t(ul + iU2).I::; ~{KZ(Z) - Z(i) - (z - i)Z'(i)}+ A.

(9a)

(9b)

(9c)

Let ddxl) denote the opening displacement of the crack occupying the kth segment of L.
Then from (9c)

dk(XI)::; 2U2+(Xt)::; (K
2
+ l) 1m CX' Z+(t) dt XI- bke(-ak, ad; k::; 1,2, ..., n. (10)
f.t Jb.-a.

To complete the solution, the real valued coefficients Cj in equation (7) are evaluated by
enforcing the n side conditions requiring the opening displacement of every crack to be zero at
the crack tips, XI::; bk +ak. Substitution from (7) into (10) provides

l b. +a. 1 ( n )
1m X+(t) t

n +~ cje- I
dt::; 0 k::; 1,2, ..., n.

bk-Qk J = I

(11)

3. A STRESS FUNCTION FOR RIGID LINE INCLUSION PROBLEMS

An identical approach to that in Section 2 can be followed if L is occupied by rigid line
inclusions instead of traction free cracks. In this class of problems a perfect bond is assumed to
exist along the inclusion interface, so that the displacements on L vanish. Consequently

(12)

Using equations (120.34) and (120.35) of [25] leads to the following solution for <I> and 11.

K<I>(Z) +11(z)::; AI

K<I>(Z) - 11(z) = Zt(z) - AI.

In (l3a,b), A I is a real valued constant given by

while the new stress function, Zl(Z), is

(13a)

(13b)

(14)

(15)

where X(z) has been defined in equation (8). The constants Di are real values and remain to be
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determined. The stress and displacement field is readily evaluated from equations (1) and (13) to
give

2
0'11 + 0'22 = - Re[Zt(z)]

I(

0'22 - iO'12 = 2~ {ZI(Z) - KZI(.i) +(z - i)Z;(i)} +A I

2",,(Ut + iU2),1 = Re[ZI(z)] - (z - i) 2~ Z(i) - At.

(16a)

(16b)

(16c)

The axial force in the embedded fiber is of physical interest in composites. These axial forces
result from the transfer of shear along the matrix fiber interfaces. Denoting the axial force in the
jth fiber by Pj (x I) and using (l6b) leads to the following expression

(17)

where Sj is the specific area (area per unit length) of the lateral interface between the matrix and
the jth inclusion.

The constant Pj(bj - aj) is the force transferred to the fiber at its end XI = bj - aj. Muki and
Sternberg[26] have proved that the axial force at the embedded end of a line inclusion must
vanish, verifying an earlier conjecture by Reissner[27]. Thus Pj(bj - aj) = 0 in (17).

This requirement that the fibers have zero axial force at their end points permits the
evaluation of the constants Vj in equation (15). Thus from (15) and (17) the following conditions
result

(18)

permitting the complete determination of the stress function Zt(z).
It is now straightforward to demonstrate the correspondence between the Westergaard stress

function Z(z) for crack problems and the stress function Z.(z) introduced here for line inclusion
problems.

To begin, select a particular geometry; that is let n, bj , and ai in Fig. 1 be fixed. Then
comparison of equations (10) and (18) shows that

Cj =Vi j =1,2, ..., n. (19)

In light of (19), equations (7) and (15) indicate that the stress functions for the two classes of
problems are related by

(20)

where

(21)
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In the same way a correspondence between the crack opening displacement 4j and the inclusion
axial force Pj can be shown. Comparing equations (10) and (17) and using (20) leads to

(22)

where

(23)

Finally an equivalence between the crack-tip and inclusion-tip stress intensity factors can be
developed. Let r denote a small distance from the tip of the crack or line i,nclusion into S. It can
then be shown for both problems that the stress field is proportional to r -1/2 as r -+ 0+. The factor
of proportionality is known as the stress intensity factor and for cracks is given by

(24)

In a similar manner, a stress intensity factor K/ Jl can be defined for line inclusion problems;

(25)

Accordingly the stress field as r -+ 0 at an angular orientation 8 from the inclusion tip,·where
18IE[0, 1T] and 8 is the clockwise orientation (in Fig. 1) away from the ray Z = XI, xliL is given byt

K(I)

0"12 = 2Kv'(2'7Tr)[(K + I) sin (012) + sin (0) cos (3812)] + 0(1) as r -7 0+ (26a)

K(1)
0"11 = 2Kv'(21Tr) [(3 + K) cos (812) - sin (8) sin (3812)] + 0(1) as r -7 0+ (26b)

K(I)

0"22 = 2K v'(21Tr) [-(K -1) cos (812) + sin (8) sin (38/2)] +0(1) as r -7 0+. (26c)

In view of (20), comparison of equations (24) and (25) shows that the stress intensity factors in the
two classes of problems are related by

(27)

As one example of the above analogy, consider the configuration shown in Fig. 2. The
problem consists of an infinite number of equal length, equally spaced, rigid, line inclusions
located on the real axis. Here n -+00, while bj = 2jb and aj = a, j = 0,1,2, .... From the well
known crack problem solution by Westergaard it is determined that

Z (z) = {I- sin
2

(1Ta/2b )}-"2
o sin2 (1TZ 12b )

tEquations (26) are equivalent to expressions given by Sih[II], where Sih's k, is equal to K,{l)/"I/1T.

(28)



AWestergaard-type stress function for line inclusion problems
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t t"22/00, t t
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Fig. 2. Infinite row ofequal, equally-spacedcuts.

a =y(2b tan (17'0 12b».

(29)

(30)

Using equations (20), (22) and (27) in conjunction with (28), (29) and (30) permits the immediate
calculation of the stress function Z.(z), axial force PJ(x.), and stress intensity factor KIm. This
solution agrees with Sib's[ll] solution obtained in terms of Kolosov-Goursat functions. Other
examples illustrating the application of the analogy are given in [10).

In [16) Atkinson follows a somewhat similar approach to the development herein. He defines a
new function w'(z) to replace n(z) in equations (1) such that for line inclusion problems, w'(z) is
real on the entire XI axis, analytic on S U L, and consequently, representable by a polynomial.
In his example problems involving line inclusions in the unbounded domain, Atkinson sets
w'(z) =O. However, the far-field conditions are not satisfied unless w'(z) =AI. This minor
oversight by Atkinson is similar to MacGregor's[22] and subsequently Westergaard's(23]
omissiont of the constant A in their versions of equation (9). The omission of this constant was
corrected in a paper by Sih[28] and discussed further by Eftis and Liebowitz[29].

4. EFFECT OF NON-ZERO FIBER COMPLIANCE

Using the above analogy, it is possible to obtain the solution for a number of problems
involving perfectly rigid line inclusions. Any real composite, however, will contain fibers with an
elastic modulus which, although large compared to that of the matrix, is finite. If the relatively
simple solutions for rigid fibers are to be used in practical applications, a method to account for
finite fiber stiffness is required.

A basis for an approximate approach is provided by a problem considered by Atkinson[16)
and others [17-19). The problem, Fig. 3, involves a single elastic line inclusion of length 2a in a
two-dimensional matrix subjected to a biaxial field Ull(<Xl), U22(<Xl). The line inclusion represents an
elastic fiber with Young's modulus Ef, cross-sectional area At, and fiber-matrix interface surface
area 2as I. It is found convenient to characterize the compliance of the fiber by a dimensionless
parameter 'YE where

(K + l)asl#£
'YEi ~ I:l.A·

1TK..., t
(31)

tWestergaard's omission of A is not really an error since he correctly restricts his remarks to pressurized cracks for
which the far field stress state vanishes so that A = O.
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Fig, 3, Elastic line inclusion.

Treating the interface shear stress CT~2(XI), IXll < a, as the unknown, Atkinson[16] obtains an
asymptotic solution for 'YE ~ 1. He also formulates the problem in terms of a Fredholm integral
equation of the second kind. This approach is applicable for all 'YE ;;;. 0, but Atkinson does not
solve the equation. As discussed in Appendix A of [101, Brussat has independently obtained the
same integral equation formulation and computed a numerical solution.

The solution from. [101 is summarized in Fig. 4, where the effect of fiber compliance is
reflected in the function A(x IIa, 'YE) defined by

(32a)

(32b)

11

.6

..

.2

x = 1.0 ISTRESS INTENSITY RATIOI

)( • .745

)( '" .200

x'" .993

Fig. 4. Fiber compliance function.
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Here O';2(Xl; 'YE;} and KP)('YB) are the interface shear stress and stress intensity factor for the
elastic line inclusion whereas 0'72(Xl; 0) and KP)(O) are the corresponding quantities for the single,
rigid line inclusion given by

(33)

(34)

To exactly account for the non-zero fiber compliance in the more general case requires the
numerical solution of a system of Fredholm integral equations. As this is somewhat time
consuming, an approximate procedure is now suggested to estimate this effect.

Consider the problem of the cut plane with an arbitrary set L of cut segments on the real axis
containing elastic line inclusions. Let u ;z(x1; 0) and K/ 1)(0) denote the interface shear stress and
stress intensity factors for the same geometry except that the inclusions are rigid. This rigid
inclusion problem is readily solved by the method indicated in Section 3.

The approximate solution for the interface shear stresses and intensity factors in the elastic
line inclusion problem is now obtained from the following:

(35)

(36)

where A is given in Fig. 4. Provided the fibers are widely spaced, it is expected that equations (35)
and (36) will yield accurate answers. As the fiber spacing decreases, the adjacent fibers will interact
and the results deviate from the approximate prediction given by equations (35) and (36).

To assess the accuracy of this approach an example is presented. In the absence of any exact
2-D solutions involving interacting flexible line inclusions, a numerical 3-D solution obtained by
Carrara and McGarry [5] is considered. In [5] they used the finite element method to evaluate the
interface shear stresses for the axisymmetric fibermatrix problem shown in Fig. 5. Carrara and
McGarry let the inner cylinder, representing the fiber, have unit diameter. The innercylinder
length was taken to be 28, the elastic modulus 11 x 103 ksi. and Poisson's ratio 0·22. The outer
cylinder, representing the matrix, had diameter 10, length 38, Young's modulus 0·6 x 103 ksi, and
Poisson's ratio 0·34. Very low modulus finite elements were placed in the matrix just beyond the
ends of the fiber to prevent load transfer across the fiber ends. Uniform axial strain was enforced
at the ends of the larger cylinder.

The two-dimensional approximation to this configuration is the infinite row of equally-spaced,

-----38--------j

Fig. 5. Axisymmetric problem[5].
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equal-length, collinear line inclusions shown in Fig. 2. The conditions along lines of symmetry
between adjacent fibers in this problem are

adZk)=O

U,(Zk) = Ut.t(cx;)(2k + I)b

where Zk = b(2k + 1) + iX2; k = 0, ±1, ±2, ... ; X2€(-00, (0).

(37a)

(37b)

(38)

Therefore, this problem is equivalent to the problem of a strip, infinite in the x2-direction and of
width 2b =38 in the XI direction. The strip contains an elastic fiber of length 2a =28 stretched
uniformly between parallel frictionless planes which rigidly resist bending.

The rigid fiber solution for this case is given in Section 3. From (16) and (28) the interface
shear stress for ')IE = 0 is determined to be

(39)

In the case of plane strain and v = O'34, K = 1·64. Using equation (30) with S I = TI' and At = TI' /4
leads to ')IE O'584. The function A(Xda, O·584) can now be obtained from Fig. 4 and the
approximate interface shear stress calculated from (35). This estimate is plotted in Fig. 6 and
compared with the finite element result for the three dimensional axisymmetric case [5].

The approximate two-dimensional solution is in excellent agreement with the three
dimensional results except within a distance from the end of about one-third the fiber diameter. A
difference between the two solutions is expected in the end region as the fiber end shape
influences the detailed stress distribution in this area. Also, the finite element approximation leads
to a bOunded stress field at the fiber tip while the line inclusion stress field is singular.

Although the agreement observed in Fig. 6 is encouraging, it would be imprudent to draw
broad conclusions from a single success. A more fundamental check of the approximation is

l.5

SHEAR
STRESS

1.0
r+(x)

T,

0.5

/

3-DIMENSIONAL

\ FINITE - ELEMENT

\ SOLUTION IREF. 51

\
\

\
\

\

2-0IMENSIONAl/ \.:~
APPROXIMATION
lEON. 12.8211

0.01 0.'

NORMALIZED OIST. FROM FIBER END: (1-X)

Fig. 6. Interface shear stress.
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required. It is suggested that accurate numerical solutions for elastic fiber inclusions be obtained
and the results compared with the approximate method presented here.

It is worth noting that a comparison similar to the one in Fig. 6 is made in [17] between a
two-dimensional solution and the axisymmetric result of [5]. However, the two-dimensional
approximation in [17] incorporates assumptions different from those adopted here. In [17],
Biirgel, Perry and Schneider assumed: (a) Plane stress instead of a state of plane strain. (b) Fiber
cross-section is a 1x 1 rectangle, and the fiber contacts the matrix on only two of its four long
sides. As a result sdAI =2 instead of sdAI = 4 (the result for a circular cross-section in contact
all around the circumference). (c) Fiber is isolated from all boundaries (a Ib = 0 instead of
alb = 14/19).

Interestingly, these three assumptions have large but somewhat cancelling effects, so that the
agreement obtained in [t 7] is almost as good as that shown in Fig. 6.

5. CONCLUDING REMARKS

An analogy has been shown to exist between the well known Westergaard stress function for
line crack problems and a similar stress function for rigid line inclusion problems. As a result,
closed form solutions to various two-dimensional elasticity problems involving rigid line
inclusions can be generated from the Westergaard stress function for the similar traction-free line
crack problem.

Certain extensions of the analogy are possible. For example, the problem of two semi-infinite
cracks on the real axis, the ends of each a distance a from the origin, subjected to a remote force
F2(oo) normal to the cracks, i.e.

(where 'Y is any real constant) has the solution[24]

F2(oo) t
Z(z)=--~!( 2 2)'

7T V a -z

(40)

(41)

The corresponding problem of two semi-infinite rigid line inclusions on the real axis, the tips of
each a distance a from the origin, subjected to a total relative displacement u\(oo) parallel to the
inclusions; i.e.

(42)

has the solution

Thus, for this pair of problems, from (41) and (43),

Z(z) ZI(Z)
F2(OO) = 2p,u.(oo)'

(43)

(44)
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In view of (40) and (42) and since A = A 1 = 0, equation (44) strongly resembles (20). Similar
extensions of the analogy to crack problems may permit direct solution of other rigid line
inclusion problems.

As discussed above, the applicability of these solutions to fiber composites can be improved
using the solution given in Fig. 4, together with equations (35) and (36), to approximately account
for the effect of non-zero fiber compliance. This approximate two-dimensional procedure has
been applied to the configuration shown in Fig. 5 and yields good agreement with the
three-dimensional finite element analysis (Fig. 6).

The stress intensity factor K/ 1
) for the fiber tip computed in this manner is expected to have

the same relevance to crack initiation at the fiber tip as the fracture mechanics stress intensity
factor K1 has to crack initiation at a crack tip.
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